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ABSTRACT
As cosmic structures form, matter density fluctuations collapse gravitationally and baryonic matter
is shock-heated and thermalized. We therefore expect a connection between the mean gravitational
potential energy density of collapsed halos, ΩhaloW , and the mean thermal energy density of baryons, Ωth.
These quantities can be obtained using two fundamentally different estimates: we compute ΩhaloW using
the theoretical framework of the halo model which is driven by dark matter statistics, and measure Ωth
using the Sunyaev-Zeldovich (SZ) effect which probes the mean thermal pressure of baryons. First, we
derive that, at the present time, about 90% of ΩhaloW originates from massive halos with M > 10
13M.
Then, using our measurements of the SZ background, we find that Ωth accounts for about 80% of the
kinetic energy of the baryons available for pressure in halos at z . 0.5. This constrains the amount
of non-thermal pressure, e.g., due to bulk and turbulent gas motion sourced by mass accretion, to be
about Ωnon−th ' 0.4× 10−8 at z = 0.
Keywords: cosmology: miscellaneous — large-scale structure of universe
1. INTRODUCTION
Inspired by the “cosmic energy inventory” program
(Fukugita & Peebles 2004), we estimate the cosmic mean
densities of two related forms of energies: the thermal
(Ωth) and gravitational potential energy (ΩW ) in large-
scale structure of the Universe. As structure formation
proceeds, the gravitational energy associated with mat-
ter density fluctuations is converted into kinetic energy,
most of which thermalizes via shocks (Cen & Ostriker
1999; Miniati et al. 2000). Thus, the comparison be-
tween Ωth and ΩW characterizes the efficiency of ther-
malization in large-scale structure. These quantities,
which can be inferred in two fundamentally different
ways, provide an important consistency check of the
cosmic energy inventory. In addition, precise enough
estimates might allow us to constrain the amount of
non-thermal energy, disentangle gravitational and non-
gravitational heating, and assess the level of virialization
of dark matter halos. This is the goal of our analysis.
Early estimates of the amount of thermal energy were
introduced in Cen & Ostriker (1999); Refregier et al.
(2000); Zhang & Pen (2001); Zhang et al. (2004) us-
ing analytical models and cosmological hydrodynamical
simulations. Estimates of the amount of gravitational
potential energy were presented by Fukugita & Peebles
(2004) which led to the first estimates of ΩW for dark
matter halos but for only two coarse halo mass bins.
It is now timely to revisit these estimates. First, our
quantitative understanding of the large-scale structure
of the Universe has significantly improved, in terms of
the cosmological parameter estimation and, mainly, in
terms of the dark matter halo statistics. Second, we
now have access to observational constraints on Ωth as
a function of redshift, using recent measurements of halo
bias-weighted electron pressure of the Universe from the
thermal Sunyaev-Zeldovichc (SZ) effect (Sunyaev & Zel-
dovich 1972). This quantity can be constrained by cross-
correlating data from the Planck satellite (Planck Col-
laboration et al. 2016a,b) with galaxies tracing the mat-
ter density field (Vikram et al. 2017; Pandey et al. 2019;
Koukoufilippas et al. 2020). In particular, our recent
work (Chiang et al. 2020, hereafter Paper I) probes this
signal over a wider redshift range with better controlling
systematic effects due to contamination of the Galactic
foregrounds and the cosmic infrared background (CIB).
We compare these improved estimates of Ωth and ΩW
as a function of the cosmic time, and use them to infer
the corresponding amount of non-thermal energy.
In this paper we focus on energy densities associated
with the formation of large-scale structure, in the sense
that we do not consider dissipative gravitational settling
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involved in star formation and accretion disks. The rest
of the paper is organized as follows. In Section 2, we
review our measurement of Ωth obtained in Paper I. In
Section 3, we present our calculations of ΩW from all
large-scale structure of the Universe as well as that from
collapsed structures (halos). In Section 4, we solve the
Layzer-Irvine equation to find the relationship between
the kinetic energy density and ΩW . We interpret the
results and conclude in Section 5.
Throughout, we use the Planck 2018
“TT,TE,EE+lowE+lensing” cosmological parameters
given in Table 1 of Planck Collaboration et al. (2018):
(h, Ωch
2, Ωbh
2, As, ns) = (0.6737, 0.1198, 0.02233,
2.097 × 10−9, 0.9652), with the minimal mass for neu-
trinos (0.06 eV). The density parameter of the mas-
sive neutrinos is Ωνh
2 = 0.06/93.14 = 6.4 × 10−4.
Thus, the total mass density parameter is Ωm =
Ωc + Ωb + Ων = 0.3146 and the cosmological constant
is given by ΩΛ = 1− Ωm. The mean baryon fraction in
halos is given by fb = Ωb/(Ωc + Ωb) = 0.157.
2. THERMAL ENERGY DENSITY
The density parameter for the comoving thermal en-
ergy density ρth, which is related to the mean physical
thermal pressure 〈Pth〉, can be defined as
Ωth(z) ≡ ρth(z)
ρcrit
=
〈Pth(z)〉
ρcrit (1 + z)3
, (1)
where ρcrit = 1.054×104 h2 eV cm−3 is the present-day
critical energy density.
Following Cen & Ostriker (1999) and Refregier et al.
(2000), an estimate of this quantity can be obtained by
writing the pressure in terms of the gas density-weighted
temperature defined by kBT¯ρ ≡ kB〈ρgasTgas〉/〈ρgas〉 =
〈Pgas〉/〈ngas〉 where kB is the Boltzmann constant,
ngas = (8 − 5Y )ρb/(4mp) with mp being the proton
mass and Y the primordial Helium mass fraction. In
this way, one obtains (see Eq. (4) of Zhang et al. 2004)
Ωth(z) = 1.78× 10−8 kBT¯ρ(z)
0.2 keV
Ωb
0.049
. (2)
These authors attempted to estimate T¯ρ using hydrody-
namical simulations.
In Paper I we provided a detailed description of Ωth.
Assuming that the gas is fully ionized, we can express
the thermal gas pressure Pth in terms of that of the
electrons by Pth = (8− 5Y )/(4− 2Y )Pe. For Y = 0.24,
Pth = 1.932Pe. The mean electron pressure 〈Pe〉 is the
quantity we constrained in Paper I. By measuring the
large-scale correlation between tracers of matter over-
densities (galaxies and quasars) and the SZ effect, one
can constrain the halo bias-weighted electron pressure,
〈bPe〉(z) (Vikram et al. 2017), which is directly propor-
tional to the observable by × dy/dz:
〈bPe〉 = 〈Pe〉by = me c
2 (1 + z)
σT
dz
dχ
(
by
dy
dz
)
, (3)
where σT is the Thomson scattering cross section, me
the electron mass, c the speed of light, χ the comoving
radial distance, y the Compton y parameter, and by the
SZ-weighted halo bias (see below). Inferring Ωth(z) thus
requires estimating the two key quantities 〈bPe〉 and by.
We present them below.
2.1. Observational constraints from SZ measurements
In Paper I, we estimated 〈bPe〉(z) by measuring angu-
lar correlations between the SZ signal and galaxies and
quasars tracing the matter density field. To do so, we
measured angular two-point cross-correlation functions,
w(θ, z), of intensity maps in microwave bands from the
Planck mission (at 100, 143, 217, 353, 545 and 857 GHz;
Planck Collaboration et al. 2016a) and the locations of
two million spectroscopic galaxies and quasars from the
Sloan Digital Sky Survey (SDSS; York et al. 2000) over
0 < z . 3. The spectroscopic redshift references include
the main, the Baryon Oscillation Spectroscopic Survey,
and the Extended Baryon Oscillation Spectroscopic Sur-
vey samples (Eisenstein et al. 2001; Strauss et al. 2002;
Blanton et al. 2005; Schneider et al. 2010; Reid et al.
2016; Paˆris et al. 2017; Ata et al. 2018; Bautista et al.
2018). We also use the reprocessed Infrared Astronomi-
cal Satellite (IRAS) data (Miville-Descheˆnes & Lagache
2005) at 3 and 5 THz for a better separation of the CIB
and the SZ effect.
To probe the regime relevant to the large-scale struc-
ture formation, we focus on the large-scale limit from
the 2-halo term. We measured w(θ, z) integrated over
θmin(z) < θ < θmax(z). The maximum angular scale
is chosen as θmax(z) = 8 Mpc/DA(z) where DA(z) is
the proper angular diameter distance, so that the re-
sults are not affected by the systematic large-scale zero
point fluctuations. The minimum angular scale is cho-
sen as θmin(z) = 3 Mpc/DA(z) at 100 and 143 GHz
and 2 Mpc/DA(z) at higher frequencies, so that the
measured cross-correlation is dominated by the 2-halo
term (Vikram et al. 2017). The larger θmin for 100 and
143 GHz is due to their larger beam sizes. We deter-
mined the best-fitting large-scale amplitudes of the SZ
effect by marginalizing over the CIB parameters.
Alternatively, one can use the 1-halo term (via,
e.g., stacking analysis equivalent of the cross-correlation
function on small angular separations), which is sen-
sitive to the average thermal pressure profile of halos.
This measurement can probe the redistribution of ther-
mal energy in halos by baryonic feedback of, e.g., active
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galactic nuclei (AGN; Planck Collaboration et al. 2013a;
Van Waerbeke et al. 2014; Greco et al. 2015; Ruan et al.
2015; Ma et al. 2015; Hojjati et al. 2015, 2017; Crich-
ton et al. 2016; Spacek et al. 2016, 2017; Soergel et al.
2017; Lim et al. 2018a,b; Hall et al. 2019; Tanimura et al.
2020), though the contribution of the 2-halo term should
still be taken into account when interpreting the mea-
surement (Hill & Spergel 2014; Battaglia et al. 2015; Hill
et al. 2018).
2.2. Thermal pressure bias normalization
We now explain our halo model, which allows us to
(i) calculate and correct for by from the observed 2-halo
term angular correlation to derive the mean pressure
〈Pe〉, and (ii) interpret the amplitude of 〈Pe〉 as contri-
butions from halos with the halo mass-pressure normal-
ization quantified by a mass bias parameter.
Following the steps presented in Paper I, we use a
model for the 2-halo term (correlation between two ha-
los, see Komatsu & Kitayama 1999) of the angular cross
power spectrum. The angular cross-correlation function
of the SZ and spectroscopic galaxy data at a given red-
shift, w(θ, z), is related to the angular cross power spec-
trum, C`(z), as w(θ, z) = (2pi)
−1 ∫∞
0
`d` C`(z)J0[(` +
1/2)θ], where J0(x) is the Bessel function of order 0.
We model the 2-halo term as (e.g., Makiya et al. 2018)
C2h` (zi) =
∫
dz′
dV
dz′dΩ
fy` (z
′)fg` (z
′, zi)P (k`, z′) , (4)
where dV/dzdΩ is the comoving volume element per
unit solid angle, k` ≡ (`+1/2)/[(1+z)DA(z)], P (k, z) is
the matter power spectrum, and zi is the mean redshift
of the ith bin. The functions fg` and f
y
` are given in
Eq. (23) of Makiya et al. (2018) and Eq. (5) of Komatsu
& Kitayama (1999), respectively.
On scales larger than the size of halos, both fg` and
fy` approach `-independent values. The former becomes
fg0 (z, zi) = bg(z)W
g(z, zi)/χ
2(z), where bg(z) is a lin-
ear galaxy bias parameter, W g(z, zi) is the normalized
redshift distribution of galaxies within the ith bin, and
χ(z) = (1 + z)DA(z) is the comoving distance out to
redshift z. We constrain this quantity from the auto
galaxy power spectra of SDSS. The latter yields a halo
bias-weighted electron pressure, 〈bPe〉, as
fy0 (z) =
σT
mec2
〈bPe〉(z)
(1 + z)χ2(z)
, (5)
where
〈bPe〉(z)≡ (1 + z)3
∫ Mmax
Mmin
dM
dn
dM
blinET , (6)
with
ET(M, z)≡4pi
∫ rmax
0
r2drPe(r,M, z) (7)
being the thermal energy of electrons per halo as defined
by Vikram et al. (2017). Here, dn/dM and blin are the
comoving number density (Tinker et al. 2008) and lin-
ear bias (Tinker et al. 2010) of halos, respectively. The
halo bias-weighted electron pressure is a direct observ-
able of the SZ-galaxy cross correlation, which requires
no assumption about dn/dM or blin.
To calculate by, we follow methodology given in
Makiya et al. (2018, 2020).1 Its expression is given by
by(z) =
∫
dM(dn/dM)y˜0(M, z)blin(M, z)∫
dM(dn/dM)y˜0(M, z)
, (8)
with y˜0 = σTET/(mec
2D2A). Here, y˜` is the Fourier
transform of the 2D profile of the SZ effect within a
halo given in Eq. (2) of Komatsu & Seljak (2002). To
calculate y˜0 we use the universal pressure profile de-
rived from the X-ray and Planck data, which gives
y˜0 ∝ M5/3+αp with αp = 0.12 (Arnaud et al. 2010;
Planck Collaboration et al. 2013b). We may write this
as y˜0 ∝ GM2+αp/R where R ∝M1/3; thus, Eq. (8) can
also be seen as gravitational potential energy-weighted
halo bias.
The mass M in Eq. (8) is M500, for which the mean
overdensity within a halo is 500 times the critical den-
sity of the Universe. The dn/dM of Tinker et al.
(2008) is given for halo masses defined using various
overdensities with respect to the mean mass density
of the Universe, 200 ≤ ∆m ≤ 3200. We thus in-
terpolate the coefficients of dn/dM for an overden-
sity of ∆m = 500E
2(z)/[Ωm(1 + z)
3], where E2(z) ≡
Ωm (1 + z)
3 + ΩΛ. We then integrate Eq. (8) over M500
from Mmin = 10
11 M/h to Mmax = 5 × 1015 M/h.
Lowering Mmin to 10
10 M/h changes ρth by less than 1,
3, and 10 percent at z < 1, 2, and 3, respectively. These
changes are much smaller than the theoretical uncer-
tainty of dn/dM in the corresponding redshift ranges.
To capture all the thermal pressure associated with
a halo, we integrate the pressure profile out to rmax =
6 r500, where r500 is the radius that encloses M500 =
(4pi/3)E2(z) ρcrit r
3
500. This radius approximates the so-
called shock radius, beyond which pressure falls rapidly
(Bryan & Norman 1998; Lau et al. 2015; Shi 2016; Zhang
et al. 2020). For rmax = 4 r500 and 8 r500, we find 0.929
and 1.036 times ρth for rmax = 6 r500, which change the
inferred values of the mass bias parameter B (see below)
by 4 and 2 percent, respectively.
Combining our measurements of 〈bPe〉 and the esti-
mation of by, we obtain estimates of Ωth(z), shown with
1 Codes are available in https://github.com/ryumakiya/pysz.
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Figure 1. Comoving density parameters of the thermal energy (data points with error bars from Paper I), gravitational
potential energy of all large-scale structure of the Universe (black solid line), and that of halos (black dashed line). The lower
boundary of the green shaded area shows the halo contribution times the mean baryon fraction fb = 0.157, whereas the upper
boundary shows the difference between the corresponding non-linear and linear P (k) contributions. The blue shaded area shows
the best-fitting model for Ωth with a constant mass bias parameter and its 68% confidence level, B = 1.27
+0.05
−0.04. The right axis
shows the corresponding values of T¯ρ for Ωth given in Eq. (2).
the data points in Figure 1. In particular, we find
Ωth = (1.7± 0.1)× 10−8 at z = 02 , (9)
from the best-fitting model with the 68% confidence
level (see Paper I for details). Since we measure 〈bPe〉
directly over 0 . z . 1, and the estimate of by does not
depend on the mass bias B, our Ωth estimates within
this redshift range should be considered empirical.
To interpret the observed Ωth as the sum of halo
contributions with the mass-pressure calibration not
precisely known, we parameterize this uncertainty us-
ing the so-called “mass bias parameter” B. It re-
lates the true M500 of halos to the mass calibrated
by X-ray observations (Arnaud et al. 2010) used by
the Planck team (Planck Collaboration et al. 2013b)
as B = M true500 /M
Planck
500 . It is found that B > 1 is
required to fit statistics of the Planck SZ data such
as number counts and auto- and cross-power spectra
(Planck Collaboration et al. 2014, 2016c; Dolag et al.
2016; Hurier & Lacasa 2017; Salvati et al. 2018, 2019;
Bolliet et al. 2018, 2019; Makiya et al. 2018, 2020; Os-
ato et al. 2018, 2020; Koukoufilippas et al. 2020). This
parameter is related to the commonly used parameter
2 Assuming a constant mass bias parameter B, which is consistent
with Ωth = (1.5± 0.3)× 10−8 allowing redshift evolution of B as
reported in Paper I.
b as 1 − b = B−1 (see also Horowitz & Seljak 2017, for
yet another parameterization). Assuming a mass- and
redshift-independent B, we find B = 1.27+0.05−0.04 from our
measurement of 〈bPe〉 (Paper I). The B dependence is
simple: Ωth ∝ 〈bPe〉 ∝ B−5/3−αp with αp = 0.12, as
the total electron pressure is proportional to M5/3+αp
(Arnaud et al. 2010) with M = MPlanck500 = M
true
500 /B.
The physical origin of B is not fully understood. The
origin of B > 1 is partly due to the presence of non-
thermal gas pressure in galaxy clusters, which leads to
underestimation of X-ray calibrated mass assuming hy-
drostatic equilibrium between gravity and thermal gas
pressure gradient (Kay et al. 2004; Rasia et al. 2006,
2012; Nagai et al. 2007; Jeltema et al. 2008; Piffaretti &
Valdarnini 2008; Lau et al. 2009; Meneghetti et al. 2010;
Nelson et al. 2012, 2014b; Shi & Komatsu 2014; Shi et al.
2016; Biffi et al. 2016; Henson et al. 2017; Vazza et al.
2018; Angelinelli et al. 2020; Ansarifard et al. 2020). It
is possible that some of B > 1 is due to the choice of
particular X-ray cluster samples and analysis methods
used in Arnaud et al. (2010) and/or Planck Collabo-
ration et al. (2013b). We therefore choose to call this
parameter simply “mass bias”, without reference to the
assumption of hydrostatic equilibrium.
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We now estimate the density parameter for the grav-
itational potential energy as
ΩW =
Ωm
c2
W , (10)
where W is the gravitational potential energy per unit
mass. Considering a system of mass M consisting of
particles with mass mi, such that M =
∑
imi, we can
express its gravitational potential energy as (Section 9
of Peebles 1980)
MW =−1
2
a3ρm(a)
∫
d3x δ(x, a)φ(x, a) (11)
=−1
2
Ga5ρ2m(a)
∫
d3x
∫
d3x′
δ(x, a)δ(x′, a)
|x− x′| ,
where a(t) = (1 + z)−1 is the scale factor, x denotes
the comoving coordinates, δ(x, a) is the matter density
contrast, and φ(x, a) is the peculiar gravitational poten-
tial. The factor 1/2 corrects double-counting of particles
contributing to both δ and φ.
For a uniform density sphere with a physical radius
Rp, an excess mass above the mean δM = (4pi/3)δρmR
3
p,
and a potential φ(rp ≤ Rp) = −2piGδρm(R2p − r2p/3),
we find MW = −3G(δM)2/(5Rp), which agrees with
the known result for gravitational potential energy of a
uniform density sphere.
Going to Fourier space and taking ensemble average
of Eq. (11), we obtain
MW = −1
2
ρm0
(∫
d3x
)∫
d3k
(2pi)3
Pφδ(k, a) , (12)
where ρm0 = ρma
3 is the present-day mean mass density.
The cross-correlation power spectrum of φ and δ, Pφδ(k),
is related to the matter density power spectrum P (k) via
the Poisson equation:
Pφδ(k, a) = −4piGρm0
a
P (k, a)
k2
. (13)
Dividing both sides of Eq. (12) by M = ρm0
∫
d3x, we
obtain the gravitational potential energy per unit mass
of large-scale structure of the Universe. Using the Fried-
mann equation, H20 = (8piG/3)ρcrit, and ρm0 = Ωmρcrit,
we find
W =−3ΩmH
2
0
8pi2a
∫ ∞
0
dk P (k, a) . (14)
Multiplying this by Ωm/2 agrees with Eq. (60) of
Fukugita & Peebles (2004) for the binding energy for
the present-day epoch with a = 1.
The gravitational potential energy W per unit mass,
or equivalently, the density parameter ΩW , is exactly
given by the integral over the matter power spectrum
P (k). It does not rely on any assumption and is valid
irrespective of other aspects of the density field, such as
non-Gaussian or higher-order statistical properties.
When we calculate W from all forms of matter in
the Universe, we use ρm0 and P (k) including baryons,
cold dark matter (CDM), and neutrinos. When we cal-
culate W from halos in the next section, we exclude
the contribution from neutrinos as they cluster on halo
scales only weakly. This simple prescription has been
shown to work well for the halo mass function (Ichiki &
Takada 2012; Costanzi et al. 2013), bias and power spec-
trum (Villaescusa-Navarro et al. 2014; Castorina et al.
2014), and statistics of the SZ effect (Bolliet et al. 2019).
Thus, for halo-based calculations, we replace ρm0 with
ρcb0 ≡ ρb0 +ρc0, and use the baryon+CDM power spec-
trum, Pcb(k), to compute all the ncessary ingredients of
the halo model.
3.1. Contribution from halos
The total gravitational potential energy density in
the Universe includes contributions from all large-scale
structures, which can be evaluated using the non-linear
matter P (k) in Eq. (14). In contrast, as shown in Paper
I, the total thermal energy density in the Universe is
dominated by collapsed halos, especially massive clus-
ters and groups. To meaningfully compare the two,
we need to estimate the contribution of ΩW originat-
ing from halos.
To this end, we use the halo model (Cooray & Sheth
2002) to write P (k) = P1h(k) + P2h(k), where P1h and
P2h are the 1- and 2-halo terms, respectively. The 1-halo
term is given by (Seljak 2000)
P1h(k, a) =
1
ρ2cb0
∫ Mmax
Mmin
dM
dn
dM
M2|u(kR, c)|2 , (15)
where u(x, c) is the Fourier transform of the halo mass
density profile to be specified, normalized such that
u(x) → 1 for x → 0, and c is the concentration pa-
rameter. Here, R is the characteristic comoving radius
of a halo, e.g., the comoving virial radius. It is related to
the mass enclosed within R as M = (4pi/3)ρcb0∆mR
3,
where ∆m is the overdensity of a halo with respect to
the mean mass density of the Universe. We use a co-
moving radius rather than a physical one, as k in the
power spectrum is the comoving wavenumber.
Using P1h(k) in Eq. (14), we obtain
W1h = − 1
pia
1
ρcb0
∫
dM
dn
dM
GM2
R
∫ ∞
0
dx |u(x, c)|2 .
(16)
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Figure 2. Contribution to ΩrefW = −fbΩhaloW /3 (Eq. (23);
dotted lines) and Ωth (solid lines) per logarithmic mass in-
terval, at z = 0 (thick lines) and 1 (thin lines). The mass for
ΩhaloW is computed with ∆m = 200, while Ωth is with M500.
We may use the physical radius, Rp = aR, to re-write
this result as
W1h = − 1
ρcb0
∫ Mmax
Mmin
dM
dn
dM
GM2
Rp
Ag(c) , (17)
where
Ag(c) ≡
∫ ∞
0
dx
pi
|u(x, c)|2 . (18)
Eq. (17) has a clear physical meaning. The Fourier
transform of the density profile of a uniform density
sphere is u(x) = 3j1(x)/x, where j1(x) = [sin(x) −
x cos(x)]/x2 is the spherical Bessel function of order
1 and x = kR. Integrating over x, we obtain Ag =
3/5. Thus, −AgGM2/Rp = −3GM2/(5Rp) agrees with
the gravitational potential energy of a uniform density
sphere with a physical radius Rp. Therefore, W1h is the
mean gravitational potential energy density of halos per
unit mass. The contribution as a function of halo mass
is shown in Figure 2 (dotted lines) at z = 0 and 1.
Figure 2 also shows that the thermal energy density
has a similar mass scaling, as
Ωth ∝
∫
dM
dn
dM
ET ∝
∫
dM
dn
dM
GM2+αp
Rp
, (19)
where ET is the thermal energy of electrons per halo
defined in Eq. (7) and αp = 0.12. The contributions
to ΩhaloW and Ωth per logarithmic mass interval differ
only slightly due to the small departure from the self-
similar behavior quantified by αp and the different mass
definitions used (M200m for Ω
halo
W and M500 for Ωth).
3.2. Numerical results
To evaluate Eq. (14), we use three power spectra:3 (1)
the linear matter power spectrum from the public Boltz-
mann solver CLASS (Blas et al. 2011), (2) the non-linear
matter power spectrum from “Halofit” (Smith et al.
2003) with the parameters updated by Takahashi et al.
(2012), and (3) the 1-halo term, P1h(k). For (1) and (2)
we use P (k) including baryons, CDM, and neutrinos.
For (3) we exclude the contribution from neutrinos.
For dn/dM we use Tinker et al. (2008) with ∆m =
200. For the halo density profile, we use a Navarro-
Frenk-White (NFW) profile (Navarro et al. 1996, 1997).
For this profile we use the analytical result for Fourier
transform given in Scoccimarro et al. (2001) and inte-
grate Eq. (18) to obtain Ag(c). To obtain this analytical
Fourier transform, they assume that the halo density
profile is truncated at R = c rs where rs is a comving
NFW scale radius. In our setup, R = R200m within
which the mean overdensity of a halo is ∆m = 200 times
the mean mass density of the Universe.
This treatment adds a subtlety: what if we truncate
the density profile at a larger radius? W1h would in-
crease. At the same time, such halo outskirts may not be
virialized completely; thus, it is not clear how to count
the contribution in this region. For this reason we re-
gard W1h computed here as a lower bound for the mean
gravitational potential energy of halos per unit mass.
An upper bound comes from the difference between the
non-linear and linear P (k) contributions, which can be
computed without ambiguity about the halo boundary.
We find a convenient fitting formula for Ag(c) '
1.0202 +
∑4
i=1 ai(c − 5)i with ai = 5.376 × 10−2,
−1.842 × 10−3, 9.489 × 10−5, and −2.352 × 10−6 for
i = 1, 2, 3, and 4, respectively. This formula is accurate
to better than 0.1 percent everywhere in 2 ≤ c ≤ 20.
For c(M, z) we use the formula given in Duffy et al.
(2008) for ∆m = 200: c(M, z) = 10.14 (M/2 ×
1012 M/h)−0.081(1 + z)−1.01. Thus, A(c) is greater
than 3/5, which means that an NFW halo is more tightly
bound than a uniform density sphere. For the mass in-
tegral in Eq. (15), we use the same Mmin and Mmax as
in Section 2.
We integrate
∫
dk P (k) from k = 5 × 10−4 to
30 h Mpc−1, in which the halofit model is cali-
brated against the simulation. Extending to kmax =
100 h Mpc−1 increases the result for non-linear P (k)
only by 0.5 percent at z = 0 and less at higher redshifts
and for linear P (k).
3 Julia codes are available in https://github.com/komatsu5147/
OmegaGrav.jl.
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Table 1. ΩW for linear, non-linear, and 1-halo P (k)
z −107ΩlinW /2 −107ΩnlW /2 −107ΩhaloW /2 > 1012 > 1013 > 1014 M/h −108fbΩhaloW /3 −108fb(ΩnlW − ΩlinW )/3
0.0 4.23 6.28 1.98 1.96 1.84 1.26 2.07 2.15
0.3 4.00 5.55 1.39 1.37 1.23 0.68 1.46 1.62
0.5 3.76 5.03 1.08 1.05 0.91 0.41 1.13 1.34
0.7 3.50 4.54 0.83 0.80 0.65 0.24 0.87 1.10
1.0 3.12 3.91 0.56 0.53 0.39 0.089 0.59 0.82
1.3 2.80 3.39 0.38 0.35 0.22 0.029 0.40 0.62
1.5 2.61 3.11 0.30 0.26 0.15 0.013 0.31 0.52
In Figure 1 we show our estimate of ΩW for the non-
linear P (k) (solid line) and 1-halo P (k) (dashed line).
We find
ΩhaloW
ΩtotW
' 0.3 at z = 0 . (20)
This implies that, at the present time, there is sub-
stantially more potential energy in the large-scale struc-
ture (or 2-halo component) than that in gravitationally
bound halos (the 1-halo component). The numerical
values are given in Table 1. The 1-halo term’s contribu-
tion is 30 percent that of the non-linear P (k) at z = 0,
and declines to 15 percent at z = 1. The 5, 6 and 7th
columns show the halo contributions from M > 1012,
1013, and 1014 M/h. We find that most of the con-
tributions to ΩhaloW come from massive halos: 65 and
90 percent from M > 1014 and 1013 M/h at z = 0,
respectively, and 70 percent from M > 1013 M/h at
z = 1.
The 1-halo contribution integrated up to R = R200m
agrees well with the difference between the non-linear
and linear P (k) contributions at z = 0, while it is some-
what smaller at higher redshifts. The lower boundary of
the green shaded area shows the 1-halo P (k) times 2/3
the mean baryon fraction, whereas the upper boundary
shows the difference between the non-linear and linear
P (k) contributions times 2/3 the mean baryon fraction.
The green shaded area in Figure 1 therefore shows the
lower and upper bounds for a contribution in potentially
non-virialized regions of halo outskirts.
3.3. Accuracy and uncertainty
Fukugita & Peebles (2004) previously estimated the
gravitational potential energy in large-scale structure us-
ing the non-linear P (k) estimate available at the time.
Thanks to an improved understanding of non-linear
matter clustering and precision determination of the cos-
mological parameters today, we can now estimate ΩW
with greater accuracy.
The dominant uncertainty for ΩW from the linear
P (k) is the primordial scalar amplitude parameter As,
which is known to better than 2 percent precision
(Planck Collaboration et al. 2018). Uncertainty for ΩW
from the non-linear P (k) is larger than this because ac-
curacy of the halofit P (k) at k > 1 h Mpc−1 is at the
level of 5–10 percent (Takahashi et al. 2012).
Fukugita & Peebles (2004) gave rough estimates of
ΩhaloW for halos of typical L
∗ galaxies and clusters of
galaxies. Our calculation of the halo contribution to
ΩhaloW based on the 1-halo P (k) term includes contri-
butions from halos of all masses. The accuracy of this
calculation is limited by the uncertainties of dn/dM and
the halo profile. This is more difficult to estimate quan-
titatively than the linear and non-linear P (k), but it is
probably of order 5 percent at z = 0, which is the pre-
cision of dn/dM (Tinker et al. 2008). Uncertainty in-
creases for larger redshifts because the time dependence
of dn/dM is still not known very accurately. For exam-
ple, dn/dM from Tinker et al. (2008) and Tinker et al.
(2010) give ΩW that differ by more than 10 percent at
z & 0.5.
Other sources of uncertainty include the effect of
baryonic feedback on the matter power spectrum (van
Daalen et al. 2011), halo profile (Gnedin et al. 2004), and
dn/dM (Bocquet et al. 2016). The uncertainty due to
these effects is probably comparable to the current un-
certainty for our calculations of ΩW from the non-linear
P (k) and halos.
4. THERMAL AND GRAVITATIONAL
POTENTIAL ENERGIES
4.1. Virial relation for halos
One can relate the kinetic energy of the gas to the
gravitational potential energy, which is dominated by
collisionless dark matter particles. For virialized struc-
tures such as halos, we can use the virial theorem,
K = −W
2
. (21)
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where K is the mean kinetic energy per unit mass, K =∑
imiv
2
i /(2
∑
imi).
Without depending on the validity of the virial theo-
rem, the kinetic energy term K provides pressure sup-
port in halos, and can be separated into thermal and
non-thermal components:
K =
3
2
P =
3
2
( kB T + Pnon−th) , (22)
where the relevant non-thermal motion is assumed to be
isotropic on the halo scale, thus 2/3 of the non-thermal
(kinetic) energy contributes to pressure.
We now introduce the reference potential energy for
halos:
ΩrefW = −
1
3
fb Ω
halo
W , (23)
which corresponds to (minus) the amount of potential
energy in halos contributing to the pressure. Here we
have assumed that baryons and dark matter share the
same kinetic energy per unit mass, therefore a baryon
fraction fb is needed in this expression. This may not
be exact, as baryons and dark matter reach an equi-
librium configuration in different ways. The former
reaches equilibrium via collisions, whereas the latter
is collisionless and thus achieves an equilibrium (viri-
alized) state via exchange of energy between particles
and time-dependent gravitational potential (violent re-
laxation, Lynden-Bell 1967; White 1996). In addition,
not all baryons remain in a hot gas phase, but some cool
and form stars, making fgas < fb (Bryan 2000). While
the gas fraction depends on halo mass, for the relevant
cluster halos with M500 > 10
14 M, fgas/fb ∼ 90–95%
(e.g., Gonzalez et al. 2013). For simplicity, we neglect
this small correction in our estimates below.
Based on the assumptions used in this section, we can
quantify the efficiency of gravitational to thermal energy
conversion through the ratio
Ωth
ΩrefW
=
1.7× 10−8
2.07× 10−8 ' 0.82 at z = 0 . (24)
Our estimate indicates that, at the present time, the
thermal energy accounts for about 80% of the available
reference gravitational energy. The redshift dependence
of this ratio is shown in Figure 3.
If we use the upper bound on the halo contribution
(the upper boundary of the green shaded area in Fig-
ure 1), i.e., if we replace ΩhaloW by the difference be-
tween the non-linear and line power spectra, we find
Ωth/Ω
ref
W ' 0.75 for 0 < z ≤ 0.5 and 0.63 for 0.5 < z ≤ 1.
We also find that, at z < 1, this ratio is approximately
1.3 for the model with no mass bias, i.e. B = 1. As B
is an empirical parameter for an empirical pressure pro-
file model, B = 1 does not represent a physical model
Figure 3. Efficiency of gravitational to thermal energy
conversion given by the ratio of the thermal energy density
Ωth and the amount of potential energy in halos contributing
to the pressure ΩrefW (data points with error bars and upper
limits shown by the arrows). The shaded area shows the best-
fitting model with the 68% confidence level. The dashed line
shows the (non-physical) ratio for the model with no mass
bias, B = 1.
in which the total pressure gradient balances gravity
of an NFW profile, such as given in Komatsu & Seljak
(2001). Therefore, the B = 1 model is not guaranteed to
give Ωth/Ω
ref
W ≤ 1. Our approach could be used to put a
lower limit on B so that this ratio does not exceed unity.
Finally, we can quantify the non-thermal contribution
to the total energy density. Expressing Pnon−th given in
Eq (22) in terms of the density parameter of non-thermal
pressure Ωnon−th, we get
Ωnon−th = ΩrefW − Ωth ' 0.37× 10−8 at z = 0 . (25)
4.2. Comparison to the previous work
In Zhang & Pen (2001), the authors relate the gas
temperature to the peculiar gravitational potential as
kBTgas = −[4mp/(8 − 5Y )](φ − φ¯)/6, where φ¯(x) =∫
d3x′φ(x′)W (|x− x′|) is a high-pass filtered potential.
The gas density-weighted temperature, T¯ρ, is then given
by the cross-correlation power spectrum of gas density
and φ. Using their Eq. (6) in our Eq. (2), we find
ΩZP01th = fb
Ω2mH
2
0
8pi2a
∫ ∞
0
dk Pdg(k)[1−W (k)] . (26)
The coefficient agrees with that of our ΩrefW . Here, Pdg(k)
is the cross-correlation power spectrum of dark matter
and gas, and W (k) = exp(−k2r2e/2) is the Fourier trans-
form of the high-pass filter with a free parameter re. The
factor 1 −W (k) acts to extract the small-scale contri-
bution, which is dominated by the 1-halo term. Thus,
their expression approximates ΩrefW . Our approach does
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not require re because we isolate the halo contribution
using the 1-halo term or the difference between the lin-
ear and non-linear P (k).
The dark matter-gas cross-correlation power spectrum
takes into account the difference in the spatial distribu-
tion of dark matter and gas on small scales. As the
distribution of gas is smoother than that of dark matter
on small scales, they write Pdg(k) = exp(−k2r2g/2)P (k)
with another free parameter rg ∼ 1/3 Mpc/h. This acts
to reduce ΩrefW . We did not include this effect in our cal-
culation, as this is subject to the effect of feedback by
supernova explosion and AGN which are not well under-
stood. This is included in the error budget we discussed
at the end of Section 3.3.
4.3. Beyond virial theorem for the large-scale structure
The virial relation, K = −W/2, does not hold for all
the large-scale structure of the Universe. Here we need
to take into account the fact that the systems of interest
are not isolated and matter keeps accreting.
The evolution of the kinetic and gravitational poten-
tial energies of collisionless non-relativistic particles is
given by the Layzer-Irvine equation (Layzer 1963; Irvine
1961; Dmitriev & Zeldovich 1964)
d
dt
(K +W ) +
a˙
a
(2K +W ) = 0 , (27)
where the dot denotes the time derivative. The virial
relation is the stationary solution of this equation.
For linear theory (see Eq. (12) of Davis et al. 1997),
K = − 2f
2
3Ωm(a)
W , (28)
where f ≡ d ln δ1/d ln a with the linear density contrast
δ1 and Ωm(a) = Ωm/[a
3E2(a)] is the matter density
parameter at a given a. For the virial relation to hold,
we need f =
√
3Ωm/4 which is not satisfied in general.
The dotted lines in Figure 4 show the evolution of the
comoving energy density parameters for K (upper) and
−W/2 (lower) computed from the linear P (k). At z = 0
the former is larger than the latter by a factor of 1.17.
To obtain K for the non-linear P (k), we solve the
Layzer-Irvine equation numerically. We use the linear
solution during the matter-dominated era, K = −2W/3,
to set the initial condition. The solid lines in Figure 4
show the resulting comoving energy density parameters.
Figure 4. Solutions of the Layzer-Irvine equation (27). We
show the comoving energy density parameters of K(a) (ΩK)
and −W (a)/2 (−ΩW /2). The horizontal axis shows the scale
factor, a. The solid and dotted lines show ΩK (blue) and ΩW
(orange) for the non-linear and linear P (k), respectively.
Table 2. ΩK for linear and non-linear P (k)
z 107ΩlinK 10
7ΩnlK
0.0 4.97 7.83
0.3 4.97 7.22
0.5 4.76 6.65
0.7 4.49 6.06
1.0 4.07 5.26
1.3 3.67 4.59
1.5 3.43 4.21
At z = 0 K is larger than −W/2 by a factor of 1.25.4
Thus, more kinetic energy is available in large-scale
structure of the Universe than that of the stationary
solution. This is due to the continuous infall of matter.
The numerical values of the density parameter for the
kinetic energy, ΩK , are given in Table 2. These values
should be compared with those in Table 1. This en-
hanced kinetic energy is associated with bulk flows of
matter falling into the gravitational potential. During
this stage, the gas carried with it has not yet thermal-
ized with the surrounding hot gas. It is therefore not
expected to contribute or perturb the global SZ signal,
which is dominated by halo contributions. The solu-
4 One may wonder if we can use W1h(a) in Eq. (27) and solve
for K1h(a). If we did this, we would find K1h > −W1h/2 by
more than 40 percent despite that halos are virialized. However,
this is not correct. Suppose that we split W as W = W1h +
Wother. While Eq. (27) is satisfied for the sum W1h + Wother,
it is not satisfied for each component separately. Therefore, we
only report ΩK for the linear and non-linear P (k). The linear
P (k) result is only an approximation and for comparison to the
non-linear one.
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tions of the Layzer-Irvine equation found in this section
are therefore not to be compared with Ωth, but can be
compared with, e.g., the kinetic SZ effect.
5. DISCUSSION AND CONCLUSION
We have presented estimates of the thermal energy
density of baryons Ωth and the gravitational potential
energy in collapsed halos ΩhaloW . These quantities are re-
lated as the growth of structure leads to a conversion
of gravitational energy associated with matter density
fluctuations into kinetic energy, most of which thermal-
izes via shocks. Due to energy conservation, we expect
Ωth/Ω
ref
W to be of order unity but, importantly, it should
not exceed unity. Verifying this property is an interest-
ing test of our understanding of baryons and dark matter
as these two quantities are obtained using fundamentally
different estimates: ΩhaloW is computed using the theoret-
ical framework of the halo model which is driven by dark
matter statistics, and Ωth using observations of the SZ
effect.
Our analysis shows that Ωth/Ω
ref
W ' 0.8 at z = 0.
It therefore provides an important check of our under-
standing of the related statistical properties of these
quantities. Of particular interest, thanks to the en-
hanced accuracy of the Ωth and Ω
ref
W estimates, we
are now in a position to probe the amount of non-
thermal pressure. Our analysis has allowed us to derive
Ωnon−th ' 0.37× 10−8 at z = 0.
Now, what accounts for this? A promising candi-
date for non-thermal pressure quantified by Ωnon−th is
the bulk and turbulent motion of gas sourced by mass
accretion and structure formation (Dolag et al. 2005;
Iapichino & Niemeyer 2008; Vazza et al. 2006, 2009,
2016, 2018; Lau et al. 2009; Maier et al. 2009; Shaw
et al. 2010; Iapichino et al. 2011; Battaglia et al. 2012;
Nelson et al. 2014a; Shi & Komatsu 2014; Shi et al. 2015;
Angelinelli et al. 2020). An analytical model (Shi & Ko-
matsu 2014) validated by cosmological hydrodynamical
simulations (Shi et al. 2015) suggests the following pic-
ture: the non-thermal energy is sourced by the mass
growth of halos via mergers and accretion, and dissi-
pates with a time-scale determined by the turnover time
of the largest turbulence eddies. The timescale of dissi-
pation is on the order of the local dynamical time, which
is shorter in the core and longer in the outskirts of halos.
Thus, the fraction of the non-thermal energy relative to
the total increases with radii, reaching tens of percent
at the virial radius depending on halo mass and red-
shift. Therefore, the amount of non-thermal energy in
this form seems sufficient to account for the non-thermal
pressure budget given in Eq. (25).
Our Ωth measurement, as well as the inferred amount
of non-thermal pressure or energy density, should add
to the list of useful, non-trivial tests for modern cos-
mological hydrodynamical simulations of formation and
evolution of galaxies and clusters of galaxies (Vogels-
berger et al. 2014; Dubois et al. 2014; Le Brun et al.
2014; Schaye et al. 2015; Dolag et al. 2016; McCarthy
et al. 2017; Pillepich et al. 2018). It would provide fur-
ther insights to the balance of thermal and non-thermal
energy budgets of large-scale structure of the Universe,
which is related to the physical ingredients of galaxy for-
mation such as the AGN feedback and hot/cold mode
gas accretion onto halos (Keresˇ et al. 2005; Dekel et al.
2009).
Observational evidence for non-thermal motion in
galaxy clusters and groups includes line broadening of
metal lines in X-ray bands (Sunyaev et al. 2003; In-
ogamov & Sunyaev 2003; Hitomi Collaboration et al.
2016; Lau et al. 2017), the kinetic SZ effect (Sunyaev
et al. 2003; Inogamov & Sunyaev 2003; Sayers et al.
2013, 2019; Adam et al. 2017) and surface brightness
fluctuations in X-ray (Schuecker et al. 2004; Kawahara
et al. 2008; Churazov et al. 2012, 2016) as well as in
the thermal SZ effect (Khatri & Gaspari 2016; Ueda
et al. 2018; Di Mascolo et al. 2019). On-going and fu-
ture high sensitivity, high spectral and spatial resolution
X-ray (eROSITA, XRISM, ATHENA) and SZ experi-
ments (Mroczkowski et al. 2019, for a review) as well as
cross-correlation of the future large-scale survey data of
the microwave sky from Simons Observatory (Ade et al.
2019) and CMB-S4 (Abazajian et al. 2016) with galaxy
survey data (Battaglia et al. 2017; Pandey et al. 2020)
would provide stringent tests of the thermal and non-
thermal cosmic energy inventory.
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